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Long-Range triplet Josephson Current driven by the bias voltage
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We study the long-range triplet Josephson current in a clean junction composed of two s-wave
superconductors and a normal-metal/ferromagnet/normal-metal trilayer. Through applying the bias
voltages on the metal regions by two antiparallel half-metal electrodes, we show that the amplitude
and direction of this long-range current can be controlled easily and flexibly. Such current arises
from the fact that the applied voltage can produce a nonequilibrium spin-dependent quasiparticle
distribution in the metal regions so that the Cooper pairs acquire an extra momenta, which will lead
to a spin-flip processes in the metal regions. This processes can produce the parallel spin triplet
pairs in the central ferromagnet layer. In particular, if the voltage is applied only on one metal
region, we further find that the recently discovered long-range superharmonic Josephson current
will appear because of the transport of an even number of parallel spin triplet pairs.
PACS numbers: 74.78.Fk, 73.40.-c, 74.50.+r, 73.63.-b
In recent years, the interplay between ferromagnetism
and superconductivity in hybrid structures has been ex-
tensively studied because of the underlying rich physics
and potential applications in spintronics1,2. In a homo-
geneous ferromagnet (F) adjacent to an s-wave supercon-
ductor (S), the Cooper pairs, consisting of two electrons
with opposite spins and momenta, can penetrate into the
F a short-range. In this case, the Cooper pair |↑↓〉 inside
the F will acquire a total momentum Q as a response to
the exchange splitting 2h between the spin up and spin
down bands3, where Q ≃ 2h/~vF , vF is the Fermi veloc-
ity. The resulting state is a mixture of singlet component
and triplet component with zero total spin projection:
(|↑↓〉−|↓↑〉) cos(Q·R)+i·(|↑↓〉+|↓↑〉) sin(Q·R). These two
components oscillate in F with a same period but their
phases differ by π/2.
In contrast, the interested long-range triplet compo-
nent with parallel electron spins can be induced by an
inhomogeneous ferromagnetism, with the length scale ap-
proaching the coherence length of the normal-metal (N),
which is typically about several hundred nanometers4–7.
Many different inhomogeneous configurations have been
proposed recently for studying such current, including
the F with a magnetic domain wall2,8 or a spiral mag-
netic structure9,10, the Josephson junction with multilay-
ers of Fs11,12 or the spin active interface13,14. Specifically,
for a Josephson junction with three ferromagnetic layers,
if the direction of the magnetization in the interface F
layer deviates from the one in the central F layer, a spin-
flip scattering processes at the interface layers will arise
due to such noncollinear magnetization. This process
can convert the triplet pairs |↑↓〉+|↓↑〉 into the paral-
lel spin pairs |↑↑〉 and |↓↓〉, which propagate coherently
over long distances into the central F layer11,13. Indeed,
many recent experiments have demonstrated this phys-
ical process and observed a strong enhancement of the
long-range spin triplet supercurrents4–7,15 based on an
inhomogeneous ferromagnetism. It is also noted that a
long-range Josephson current in S/F/S junction can be
generated by the propagation of the opposite-spin Cooper
pairs through injecting spin current into F16. However,
this process requires an extreme experimental condition
on the voltage so that the shifted value of the Fermi level
for spin-up and spin-down subbands is equal to the ex-
change field of F.
In this paper, we show that a long-range triplet Joseph-
son current in a clean S/N/F/N/S junction can be gen-
erated and driven by the bias voltages, which are applied
on N regions by two additional antiparallel half-metal
(HM) electrodes. By tuning this applied bias voltages,
we further show that the amplitude and direction of this
Josephson current could be controlled easily and flex-
ibly. This method can provide a very promising tool
to artificially manipulate the Josephson current and is
very important for the practical application of Josephson-
current-based spintronics devices. The origin of this long-
range current here is that the voltage in N regions can
produce and maintain a nonequilibrium spin-dependent
quasiparticle distribution. This distribution can provide
the Cooper pair in N regions an additional momenta Q,
where Q is along the polarized direction of the HM elec-
trodes and is perpendicular to the magnetization of the
central F. The whole process will lead to the spin-flip
scattering in N regions. This behavior can produce the
parallel spin pairs with S = ±1 in the central F layer and
make the current become long-range. It is also found
that the recently discovered superharmonic Josephson
current17,18 will appear when applying the voltage on
only one N region. This is because of the phase coherent
transport of an even number of parallel long-range spin
triplet pairs.
In what follows, we assume that the HMs are polar-
ized along the z axis and their magnetization for up and
down electrodes are antiparallel, whereas the F is ori-
ented along the −x axis (see fig. 1(a)). When the po-
larizations of the HM electrodes are perpendicular to
the ferromagnetic magnetization axis, Mal’shukov and
Brataas19 have show that the dissipative current does
not penetrate deeply into the F. Furthermore, the dissi-
pative current in our system is proportional to the spin
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FIG. 1. (color online) (a) Schematic diagram of the
S/N/F/N/S junction. The bias voltages are applied on the
left and right N regions by two antiparallel HM electrodes
The phase difference between the two Ss is φ = φL − φR.
(b) The spin-up and spin-down quasiparticle distribution in
N region without applying (left) and with applying (right) the
bias voltage V .
current carried by spin polarized electrons through the
F. Recent experiment has demonstrated that the prop-
agation distance of the spin current is determined by
the spin diffusion length in F, which is typically in a
range from a few to 10nm20,21. So the dissipative cur-
rent here can be ignored safely and only the supercur-
rent left. If the bias voltages are applied on the HM
electrodes, the spin-dependent quasiparticle distribution
can be generated in N regions. It is well known that,
in HM electrodes, electronic bands exhibit insulating be-
havior for one spin direction and metallic behavior for
the other. This means that the electrons in the spin-up
(spin-down) subband can flow only to or from the top
(bottom) electrode. Consequently, the dissipative cur-
rent flowing through the up and down HM electrodes is
non-existent. Besides, the variance of the quasiparticle
distribution along z-direction is small and can be neg-
ligible. Finally, we neglect energy relaxation and spin
relaxation processes in the two N regions.
Let us first consider the quasiparticle distribution func-
tion in our model. As shown in fig. 1(b), by applying the
bias voltage, the spin-dependent quasiparticle distribu-
tion f↑,↓ = 1/[1 + exp{(εk∓eV )/kBT }] is created in the
N region, where εk =
~
2k2
2m −EF is the one electron energy
relative to the chemical potential of the S. Then the elec-
trons forming a pair, which is located at the Fermi level ε
in the S, can only enter the N region with different ener-
gies ε↑,↓ = ε±eV , thus conserving the total energy of the
pair. As a result, the difference between the spin-up and
spin-down electron momenta will be modified 16. In this
case, the direction of Q is along the HM magnetization
axis and Q ∝ 2eV/~vF . Therefore, the spin-dependent
quasiparticle distribution will make the electrons enter
the N region with unequal (in absolute value) momenta.
In this process, we will not take into account the inelastic
scattering.
The Josephson current in the S/N/F/N/S junction,
with nonequilibrium quasiparticle distribution in the
N regions, is calculated by using Blonder-Tinkham-
Klapwijk (BTK) approach22. For convenience, the
lengths of the trilayer are denoted by LN1, LF and LN2.
The transport direction is along the y axis, and the sys-
tem is assumed to be infinite in the x-z plane. The BCS
mean-field effective Hamiltonian1,23 is
Heff =
∫
d~r{
∑
α˜
ψ†α˜(~r)[He − eVz(~r)(σz)α˜α˜]ψα˜(~r)
+
1
2
[
∑
α˜,β˜
(iσy)α˜β˜∆(~r)ψ
†
α˜(~r)ψ
†
β˜
(~r) +H.C.]
−
∑
α˜,β˜
ψ†α˜(~r)(
~h · σˆ)α˜β˜ψβ˜(~r)},
(1)
where He = −~2∇2/2m− EF , ψ†α˜(~r) and ψα˜(~r) are cre-
ation and annihilation operators with spin α˜. σˆ is the
Pauli matrice, and EF is the Fermi energy. The super-
conducting gap is given by ∆(~r) = ∆(T )[eiφLΘ(−y) +
eiφRΘ(y−L)] with L = LN1+LF +LN2. Here, ∆(T ) ac-
counts for the temperature-dependent energy gap. It sat-
isfies the BCS relation ∆(T ) = ∆0 tanh(1.74
√
Tc/T − 1)
with Tc the critical temperature of the Ss. φL(R) is the
phase of the left (right) S and Θ(y) is the unit step
function. The bias voltage applied on the N regions
can be described as Vz(~r) = V1 (0 < y < LN1) and
V2 (LN1 + LF < y < L), and the exchange field in
the F layer is characterized as ~h = h(sinαeˆx + cosαeˆz)
(LN1 < y < LN1 + LF ), where α is the polar angle of
the magnetization with respect to z axis, and eˆx(z) is the
unit vector along the x (z ) direction.
Based on the Bogoliubov transformation ψα˜(~r) =∑
n[unα˜(~r)γˆn + v
∗
nα˜(~r)γˆ
†
n] and the anticommutation re-
lations of the quasiparticle annihilation and creation op-
erators γˆn and γˆ
†
n, we have the Bogoliubov-de Gennes
(BdG) equation1,23
(
Hˆ(~r) ∆ˆ(~r)
−∆ˆ∗(~r) −Hˆ(~r)
)(
uˆ(~r)
vˆ(~r)
)
= E
(
uˆ(~r)
vˆ(~r)
)
, (2)
where Hˆ(~r) = He1ˆ − [eVz(~r) + hz(~r)]σˆz − hx(~r)σˆx and
∆ˆ(~r) = iσˆy∆(~r). Here 1ˆ is the unity matrix, uˆ(~r) =
(u↑(~r), u↓(~r))
T and vˆ(~r) = (v↑(~r), v↓(~r))
T are two-
component wave functions. The BdG equation can be
3solved for each S lead, each N layer and F layer, respec-
tively. We have four different incoming quasiparticles,
electronlike quasiparticles (ELQs) and holelike quasipar-
ticles (HLQs) with spin up and spin down. For an in-
cident spin-up electron in the left S, the wave function
is
ΨSL(y) = [ue
iφL/2, 0, 0, ve−iφL/2]T eikey
+ a1[ve
iφL/2, 0, 0, ue−iφL/2]T eikhy
+ b1[ue
iφL/2, 0, 0, ve−iφL/2]T e−ikey
+ a′1[0,−veiφL/2, ue−iφL/2, 0]T eikhy
+ b′1[0, ue
iφL/2,−ve−iφL/2, 0]T e−ikey.
(3)
In this process, the coefficients b1, b
′
1, a
′
1, and a1 describe
normal reflection, the normal reflection with spin-flip,
novel Andreev reflection, and usual Andreev reflection,
respectively. Note that the momentum parallel to the
interface is conserved in these processes.
The corresponding wave function in the right S is
ΨSR(y) = c1[ue
iφR/2, 0, 0, ve−iφR/2]T eikey
+ d1[ve
iφR/2, 0, 0, ue−iφR/2]T e−ikhy
+ c′1[0, ue
iφR/2,−ve−iφR/2, 0]T eikey
+ d′1[0,−veiφR/2, ue−iφR/2, 0]T e−ikhy,
(4)
where c1, d1, c
′
1, d
′
1 are the transmission coefficients, cor-
responding to the reflection processes described above.
The coherence factors are defined as usual, u =√
(1 + Ω/E)/2, v =
√
(1− Ω/E)/2 and Ω = √E2 −∆2.
ke(h) =
√
2m[EF + (−)Ω]/~2 − k2‖ are the perpendicular
components of the wavevectors with k‖ as the parallel
component.
The wave function in the Np (p=1, 2) layer is given by
ΨNp (y) = [fp1 · exp(ike↑Npy) + fp2 · exp(−ike↑Npy)]eˆ1
+ [fp3 · exp(ike↓Npy) + fp4 · exp(−ike↓Npy)]eˆ2
+ [fp5 · exp(−ikh↑Npy) + fp6 · exp(ikh↑Npy)]eˆ3
+ [fp7 · exp(−ikh↓Npy) + fp8 · exp(ikh↓Npy)]eˆ4.
(5)
Here eˆ1 = [1, 0, 0, 0]
T , eˆ2 = [0, 1, 0, 0]
T , eˆ3 = [0, 0, 1, 0]
T ,
eˆ4 = [0, 0, 0, 1]
T are basis wave functions, and k
e(h)↑,↓
Np =√
2m[EF + (−)E ± eVp]/~2 − k2‖ are the perpendicular
components of wave vectors for ELQs and HLQs. Fur-
thermore, the wave function of the F layer can be de-
scribed by transformation matrix24 as
ΨF (y) = T {[g1 · exp(ike↑F y) + g2 · exp(−ike↑F y)]eˆ1
+ [g3 · exp(ike↓F y) + g4 · exp(−ike↓F y)]eˆ2
+ [g5 · exp(−ikh↑F y) + g6 · exp(ikh↑F y)]eˆ3
+ [g7 · exp(−ikh↓F y) + g8 · exp(ikh↓F y)]eˆ4}.
(6)
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FIG. 2. (Color online) Critical current as a function of the
length LF by applying the different bias voltage. Inset: The
Josephson current-phase relation I(φ) for kFLN1 = 10 and
kFLF = 150.
Here k
e(h)σ
F =
√
2m[EF + (−)E + ρσh]/~2 − k2‖ with
ρ↑(↓) = 1(−1). The transformation matrix is defined as
T = 1ˆ ⊗ (cos α2 · 1ˆ − i · sin α2 · σˆy). All scattering coef-
ficients can be determined by solving wave functions at
the interfaces
ΨSL(y1) = Ψ
N
1 (y1), ∂y[ψ
N
1 − ψSL]|y1 = 2kFZ1ψSL(y1);
ΨN1 (y2) = Ψ
F (y2), ∂y[ψ
F − ψN1 ]|y2 = 2kFZ2ψN1 (y2);
ΨF (y3) = Ψ
N
2 (y3), ∂y[ψ
N
2 − ψF ]|y3 = 2kFZ3ψF (y3);
ΨN2 (y4) = Ψ
S
R(y4), ∂y[ψ
S
R − ψN2 ]|y4 = 2kFZ4ψSR(y4).
(7)
Here yq=0, LN1, LN1 + LF , L with q = 1, 2, 3, 4, and
Z1−Z4 are dimensionless parameters describing the mag-
nitude of the interfacial resistances, as well as kF =√
2mEF is the Fermi wave vector. From the boundary
conditions, we obtain a system of linear equations that
yield the scattering coefficients. With this coefficients at
hand, we can use the finite-temperature Green’s function
formalism25–27 to calculate dc Josephson current,
Ie(φ) =
kBTe∆
4~
∑
k‖
∑
ωn
ke(ωn) + kh(ωn)
Ωn
·
[
a1(ωn, φ)− a2(ωn, φ)
ke
+
a3(ωn, φ)− a4(ωn, φ)
kh
],
(8)
where ωn = πkBT (2n + 1) are the Matsubara fre-
quencies with n = 0, 1, 2,. . . and Ωn =
√
ω2n +∆
2(T ).
ke(ωn), kh(ωn), and aj(ωn, φ) with j = 1, 2, 3, 4 are
obtained from ke, kh, and aj by analytic continuation
E → iωn. Then the critical current is derived from
Ic = maxφ{|Ie(φ)|}.
Before showing the specific calculation, we briefly
present the choose of the involved parameters. The su-
4perconducting gap ∆0 is set as the unit of energy. The
Fermi energy is EF = 1000∆0, the interface transparency
is Z1−4 = 0, and T/Tc = 0.1. The exchange field and
the polar angle of the F are characterized by fixed value
h/EF = 0.1 and α = −π/2, respectively. Interface layers
N1 and N2 have the same length LN1 = LN2.
In fig. 2, we show the dependence of the critical cur-
rent Ic on the length LF . It is well known, for the bias
voltage eV1 = eV2 = 0, the critical current Ic exhibits os-
cillations with a period 2πξF and simultaneously decays
exponentially on the length scale of ξF
1. Here, ξF is the
magnetic coherence length. The reason is that only the
singlet pairs |↑↓〉−|↓↑〉 and triplet pairs |↑↓〉+|↓↑〉 exist
in the F layer. In contrast, if eV1 = eV2 = 0.1, we find
that the critical current Ic can penetrate a long-range
into the F layer, which arises from the propagation of
parallel spin triplet pairs. This is because the nonequi-
librium spin-dependent quasiparticle distribution in two
N regions will provide the Cooper pairs an additional mo-
menta Qz, which is analogous to the momenta induced
by the exchange field. Since the direction of Qz is orthog-
onal to the magnetization of central F, spin-mixing and
spin-flip scattering processes will appear in the N regions.
The former process will result in a mixture of the spin
singlet pairs (|↑↓〉−|↓↑〉)z and triplet pairs (|↑↓〉+|↓↑〉)z.
The latter can convert (|↑↓〉+|↓↑〉)z into the parallel spin
pairs |↑↑〉x and |↓↓〉x. This parallel spin pairs will prop-
agate coherently over long distances into the central F
layer. It is worth to note that the momenta Qz induced
by the nonequilibrium quasiparticle distribution is not
completely equivalent to the one caused by the exchange
splitting of the F. The exchange splitting shifts the mo-
menta of the paired electrons, located at the same Fermi
energy with opposite spins, from kF to the new positions
k↑ = kF +Qz/2 and k↓ = kF −Qz/2. Then the Cooper
pair will obtain an extra total momenta Qz. On the other
hand, for the bias voltage, it will shift the Fermi energies
from ε to ε ± eV for two spin subbands, thus one can
obtain the total momenta Qz. In this case, the electrons
in the cooper pairs will locate at different Fermi energies
and have unequal momenta.
Furthermore, the Josephson current I(φ) varying with
the directions of the applied voltages is calculated and the
results are plotted in the inset of fig. 2. If the two applied
bias voltages on the two N regions have same directions,
eV1 = eV2 = 0.1, the Josephson current I(φ) is negative
and oscillates with a period 2π. While if the voltages
have opposite directions, eV1=−eV2=0.1, the Josephson
current I(φ) will acquire an extra π phase and become
positive with the same oscillation period. Such sign re-
versal is similar to the π phase shift induced by changing
the mutual direction of the ferromagnetic moments in
the Josephson junction with ferromagnetic trilayer11 or
the S-F multilayered structures28. It means that the di-
rection of the supercurrent can be controlled easily by
tuning the direction of applied voltages. As we will dis-
cuss in the next paragraph, one also can manipulate the
amplitude of the long-range supercurrent through chang-
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FIG. 3. (Color online) (a) Critical current as a function of the
bias voltage eV for kFLN1 = 10 and kFLF = 150. (b) Critical
current as a function of the thickness kFLN1 for kFLF = 150.
ing the amplitude of the voltages. This method is very
promising for artificially controlling Josephson current in
the spintronics devices. In addition, if the bias voltage
is applied on only one N1 region, the long-range critical
current will decrease totally. The reason is that the dom-
inant contribution to the Josephson current in this case
stems from the transport of the even number of parallel
spin triplet pairs, and this pairs with opposite spin di-
rections have to recombine into singlet Cooper pairs at
near the right N region18. This behavior is analogous
to the presence of only one spin-active region at the SF
interface. Interestingly, as shown in the inset of Fig. 2,
the period of this current now becomes π and satisfies
the superharmonic current-phase relation I(φ) ∝ sin 2φ,
so it is the recently discovered long-range superharmonic
Josephson current 17,18.
Finally, we briefly discuss the dependence of critical
current on the voltages at fixed length of N and F, and
on the length of the N at fixed voltages. The calculated
results are shown in Fig. 3. For eV1 = eV2, as plotted
in Fig. 3(a), the critical current Ic displays an oscillating
behavior as a function of eV for kFLN1 = 10 and kFLF =
150. We attribute this behavior to the oscillations of
the spin triplet pairs |↑↓〉+|↓↑〉z in N layers with period
Qz·R29. For the fixed thickness R (kFLN1 = 10), the
total momenta Qz will vary with the the bias voltage
eV1 and Qz·R will undergo the 0 − π transitions. As
mentioned before, the oscillated |↑↓〉+|↓↑〉z in N layer
can be converted into the |↑↑〉x and |↓↓〉x in central F
layer by the spin-flip scattering. So the dependence of
the critical current on the bias voltage has an oscillatory
behavior. For eV1 = −eV2 = 0.1 and eV1 = 0.1, eV2 = 0,
the critical current has the same behavior. As shown in
fig. 3(b), for weak voltage, the relationship Qz · R < π
is always satisfied when kFLN1 increases from 0 to 20.
Hence the critical current Ic has only one peak. It is
worth noting here that, for eV1 = eV2 = 0.1, the critical
current Ic manifests a monotonous feature, with kFLN1
increasing from 0 to 10. However, for eV1 = −eV2 = 0.1,
Ic exhibits a shallow dip at kFLN1 = 1. This feature
5is induced by the phase transition of junction. If one
doesn’t take absolute value for Ie(φ) to define the critical
current, for eV1 = eV2 = 0.1, Ic are all negative and
decreases monotonously, when kFLN1 changes from 0 to
10. In opposite case, for eV1 = −eV2 = 0.1, Ic will
increase from a negative quantity to a positive one and
reach the positive maximum at kFLN1=10, then the non-
monotonic behavior mentioned before would transform
into monotonic, accompanying with a change of sign. At
the same time, for eV1 = 0.1, eV2 = 0, Ic have the same
the behavior.
In summary, we have studied the long-range triplet
Josephson current in a clean S/N/F/N/S junction. The
nonequilibrium spin-dependent quasiparticle distribution
in the N regions is produced by applying the bias voltages
through two antiparallel HM electrodes. This distribu-
tion can provide the Cooper pair in the N regions an extra
momenta Qz. Because the direction of Qz is perpendic-
ular to the magnetization of the central F, this behavior
leads to the spin-flip processes in the N regions, which
can produce the parallel spin triplet pairs in the central
F layer. As a result, when one applies the bias voltages on
two N regions, the long-range triplet Josephson current
will appear. We have also shown that the direction and
amplitude of the Josephson current can be controlled by
changing the applied bias voltages. This method is very
promising for artificially controlling Josephson current in
the practical application of spintronics devices. In addi-
tion, if the voltages are applied on only one N region, the
recently discovered superharmonic Josephson current can
be also produced because of the propagation of the even
number of parallel spin triplet pairs in this case.
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